Abstract. (Co)bordisms of manifolds and maps are fundamental and important objects in algebraic and differential topology of manifolds and related studies were started by Thom etc.. Cobordisms of Morse functions were introduced and have been studied as a branch of the algebraic and differential topological theory of Morse functions and their higher dimensional versions, or the global singularity theory, by Kalmár, Ikegami, Sadykov, Saeki, Wrazidlo, Yamamoto etc. since 2000s.
Introduction and Preliminaries
(Co)bordisms of manifolds and maps are fundamental and important objects in algebraic and differential topology of manifolds. In [1] , [19] , [13] etc., fundamental and advanced theory on (co)bordisms are explained and to know precisely, see them.
In this paper, cobordisms of Morse functions, studied in [6] , [7] , [17] etc. first and later in [9] , [18] , [24] etc., are fundamental objects, They are introduced and studied in the context of the algebraic and differential topological theory of Morse functions and their higher dimensional versions, or the global singularity theory.
Note that before such studies, as good generic maps having no singular points, cobordisms of smooth maps such as immersions and embeddings and versions for maps having singular points have been studied in [21] , [22] and later by [14] etc. and the methods are algeberic and differential topological as the classical studies of cobordisms of manifolds in the beginning of this section. Note also that most of the studies of cobordisms of Morse functions, their higher dimensional versions etc. just before are geometric topological, combinatoric or based on explicit singularity theory such as the eliminations of singular points of a type called cusp ( [12] ).
For the algebraic and differential topological theory of Morse functions and their higher dimensional versions, fold maps are fundamental and important. A fold map from an m-dimensional manifold wth no boundary into an n-dimensional manifold with no boundary satisfying the relation m ≥ n ≥ 1 is a smooth map such that the form at each singular point p is
. As a fundamental property, i(p) is unique. In addition, the set of all singular point of a fixed i(p) is a smooth closed submanifold of dimension n − 1 and the restriction of the map to the submanifold is a smooth immersion. Note that a Morse function is a fold map, that at a singular point p of a Morse function, the function is of the form
for a uniquely detrmined integer 0 ≤ i(p) ≤ m respecting the orientation of the target space R (we call it the index of p) and the singular points appear discretely. As additional well-known facts, Morse functions such that at distinct singular points, the values are distinct, exist densely. For fundamental and advanced singularity theory and differential topological properties of Morse functions, fold maps and more general generic maps such as generic smooth maps on manifolds whose dimensions larger than 1 into the plane with singular points of the cusp type before (and other singular points are of the type of a singular point of a fold map), see [3] and [16] for example.
We review a fold cobordism of Morse functions, introduced and studied in [7] , [17] etc.. Definition 1. Two Morse functions f 1 : M 1 → R and f 2 : M 2 → R on (resp. oriented) closed manifolds of dimension m > 1 are said to be (resp. oriented) fold cobordant.
(1) M 1 and M 2 is (resp. oriented) cobordant and there exists a smooth (resp. oriented) compact manifold
(c) For the projection to the first component pr, the relation
For a closed manifold M and a Morse function f , we denote the number of singular points of index j by C j (f ) and set
be the smooth k-dimensional (resp. oriented) cobordism group of closed manifolds and for the (oriented) manifold M , we denote the (resp. oriented) cobordism class represented by M by [M ] ∈ N k (resp. [M ] ∈ Ω k ). In addition, Definition 1 gives a natural commutative group structure on the set of all equivalence classes of functions on closed (oriented) manifolds; the sum is defined by the produce of taking the disjoint union of two functions. We denote the group by N M,k (resp. Ω M,k ) and call it the k-dimensional (resp. oriented) cobordism groups of Morse functions.
For an integer a, let ⌊a⌋ be the maximal integer not larger than a. The following have been shown. Theorem 2 ([6], [7] etc.). Let k be a integer represented by k = 4k
′ + a where k ′ ≥ 0 be an integer and a = 0, 1, 2, 3. In this paper, as another algebraic topological study, we try to define a product of elements in these modules and through Theorems 3 and 4, we explicitly show that a natural method fails.
Note that such studies were also demonstrated in [11] for cobordism-like modules introduced in [10] and structures were explicitly successfully obtained.
Such a module is defined by regarding two manifolds appearing in a same connected component or adjacent connected components of the set of all regular values of a generic smooth map compatible with simplicial structures of the source and the target manifolds. Such modules have been introduced by the motivation of generalizing a theorem on the topology of Reeb spaces of maps, defined as the quotient spaces of the source manifolds consisting of all connected components, in considerable cases, being polyhedra of dimensions equal to the dimensions of the target manifolds, inheriting topological information of the source manifolds, and in general being fundamental tools in the theory of global singularity. See [4] , [5] and [10] for related studies and see [15] etc. for fundamental explanations of Reeb spaces.
Throughout the present paper, manifolds and maps between them are smooth and of class C ∞ unless otherwise stated. The singular set of a smooth map is defined as the set of all singular points of the map, the singular value set of the map is defined as the image of the singular set.
The author is a member of the project and supported by the project Grant-in-Aid for Scientific Research (S) (17H06128 Principal Investigator: Osamu Saeki) "Innovative research of geometric topology and singularities of differentiable mappings" (https://kaken.nii.ac.jp/en/grant/KAKENHI-PROJECT-17H06128/ ). Note that such projections are fundamental and important in the global singularity theory in several explicit situations. For example, Fukuda's formulae in [2] etc., showing relations between Euler numbers of singular sets and the source manifolds of maps explicitly, have been obtained by using such projections and recently in [23] , Wrazidlo has obtained a Morse function with just 2 singular points by composing a canonical projection with a fold map into an Euclidean space whose singular set is diffeomorphic to a standard sphere such that the singular value set is an embedded sphere or standard special generic map having additional symmetry and restricting the differentiable structure of the source manifold, homeomorphic to a standard sphere, to be diffeomorphic to the standard sphere.
In such a stream, by using Lemma 1, we have two theorems. 
. The proof of Theorem 3. By Lemma 1 and the relations m 1 ≤ m 2 and 0 ≤ j < ⌊m 1 /2⌋, we have
and this completes the proof. Proof. We apply theorem 3 in the case where j = 0 holds and for Morse functions f and f k , on closed manifolds of dimensions m and m ′ , respectively, we have
As the family {f k }, we construct the maps so that φ m ′ (f k ) > 0 is invariant for any k and that for distinct functions f k1 and f k2 , the relation C 0 (f k1 ) = C 0 (f k2 ) holds. We can do this by taking a function representing the class and for any positive integer k > 0, by adding just k cancelling pairs of j-handles, corresponding to singular points whose indices are j, and (j +1)-handles, corresponding to singular points whose indices are j + 1, for each 0 ≤ j ≤ m ′ − 1 and in addition, only in the case where m ′ is represented as 4a + 1 for an integer a, one cancelling pair of a ⌊ ′ singular points added and k singular points whose indices are 0 and m ′ added. Theorems 1 and 2 show that the class each f k belongs to is invariant by such an operation and using the obtained formula in the beginning together with these theorems leads us to the desired result.
